Continous Time Finance |
Solution to 1st Minitest

by Yihui Ni

Group A Exercise 1

How can one characterize the Wiener process (explain in two ways)?

0.5 Points

1. The Wiener process has independent and stationary increments (or Levy process)
, and the increments are normally distributed .

0.5 Points

2. The Wiener process has independent and stationary increments, and
all paths are continuous.

1 Points

Group A Exercise 2
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Group B Exercise 1

Why are mean and variance of Levy processes linear functions of t?

For liniarity, additivity property need to be fullfilled:
Xs+t - Xo= (Xs+t - Xs) + (Xs - XO)

mean (1 Points)
B(Xert — Xo) = E(Xus — Xs) +BE(X, — Xo)

stationarity=FE(X;) E(Xs)
E(Xort — Xo) = E(X2) + B(X,)

variance (1 Points)
For the variance it is important to mention the independent increment.

independent
increments (0.5 Points)

V(Xstt — Xo) V(Xopt — Xs) + V(X5 — Xo)

v Vv
stationarity=V(X;) V(Xs)

independent

V(Xs+t _XO) increénents V(Xt) +V(Xs)

Group B Exercise 2
Let (Wy) be a Wiener process. When is e*V*+5* a martingale ? (with proof)
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For B(eWetP1|7,) = e, it must hold = ~ .
Group C Exercise 1

How fast do the paths of Wiener process increase on average?

Proof:
Find how fast X; is moving if ¢ — co. For this we use the property % 5 E (X1),
where E(X;) = 0.
By using Chebyshev’s inequality™ :

X

P12 —0] > ¢) < = V(2h)

X
t t
= ap’ (%)

1
€2
1

sk = L(E(Xf) —E(Xt)Z)
€ —— ——

=t =0

O
For t — oo and € > 0, a finite positive number, Ezit — 0. This implies that

P(|%t — E(X1)| > €) <0, 50 P(|%t — E(X;)| > €) — 0. This is only the case if
(£ —0) — 0 or 2t — 0, indicating that the path X; does not increase faster
than linear ¢.
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Group C Exercise 2
= 2Wet=2)/2

Group A, B, C Exercise 3
Show that the Wiener process has finite quadratic variation
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Continous Time Finance |
Solution to 2nd Minitest

by Yihui Ni

Group A Exercise 1

Find fot(s — 53 dy/s ?

[6=avio = [(-gstas

1 (" b s
:—[/ sfds—/ $2 ds]
2°Jo 0

Group A Exercise 2

*
1
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Group B Exercise 1
Find fot s?e® ds® ? (Solutions 1)

Unfortunately, there has been a typo in this exercise (correct version see below). Ac-
cordingly, we will be indulgent while correcting.

Find fot s72e*ds® 2 (Solution 2)

Solution 1
Integration by parts: fot F(z)g(x)ds = f(z)g(x)|s — fot f(z)g(z) ds


Eva Laznik


t t
/ se® ds® =/ s%e"3s” ds
0 0
t
= 3/ e’s' ds
0
t
=3[e’s* |5 — / e®4s® ds]
0
t
=3[e’s* |5 — 4[e’s® |§ — / e®3s” ds]|
0

t
=3[e’s* |h — 4[e®s® |§ — 3[e®s® | — / e°2sds]||
0

t
3les* | — Ales™ | — 3le"s? [f — 2[e"s b — / ¢* ds]]]
0

=3[e"s o — 4[e"s” 6 — 3[e"s” [6 — 2[e"s o — € [6 ]
= 3[e"t* — 4[e"t® — 3[e"t® — 2[e’t — [ — 1]]]]]
= 3[e"t" — 4e't® + 12"t — 24e't + 24e’ — 24)

Solution 2
t t
/ s 2e* ds3=/ s 2e°3s% ds
0 0
t
= 3/ e’ds
0

=3(e* o)
=3(e' - 1)

Group B Exercise 2

|
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Group C Exercise 1

Find fot(e_s —1)de® ?

¢ t
/(e_s—l)desz/(e_s—l)esds
0 0
t
:/ 1—e’ds
0
t t
:/ lds—/ e’ ds
0 0

t st
:S|o —e€ |o
=t—e"+1
Group C Exercise 2

Show that the process X; = fot f(s)dWs (f being a step function) has indepentent in-
crements.

Proof 1: We need to show, for u < t, that X; — X, is independent of F, (the past).


Eva Laznik

Eva Laznik


B(X: — Xu|F) = E(/Ot Fls)dW, — /Ou F(s)dW,|F)

_ E(/ F(s)dWa|F)
= E( Z ai(Wti - Wti—l)‘fu)
i=s+1

= Z a; E((WtL - Wti—l)"Fu)

i=s+1
=0 reason see 3)
=0
3) (Wy; — Wi,_,) € [u,t] therefore independent of F,, O

Proof 2: We need to show, for w < v < uw < ¢, that X; — X, and X, — X,, are
independent.
Xi— Xu = [y f(8)dWs — [0 f(8)dWs = [} () dWs = [ 1,0f(s) AW,
XU — Xw = f l(w,v]f(s) dWS

Cov((Xt — Xu), (Xo — Xu)) = /1<u,t]f(s) dWs * / 1w, f(s) dWs

=/1<u,t1 % L) f2(5) AW,
—_

1)
=0

Since the Wiener Integral is normally distributed, we can conclude that the covariance
of zero implies independence of the increments.

4) (s,t] and (u,v] are disjoint intervals O

Group A, B, C Exercise 3

State and prove (sketching the basic idea) the integration by parts rule for Stieltjes
integrals.

Proof:
Let f(s) and g(s) be continous FV-functions. Then the integration-by-parts rule says
that

t

F(Dg(t) — F(s)a(s) = / F(u) dg(u) + / o(w) df ()

If we consider a Riemannian sequence of subdivision [s,t]s.t.0 =to < t1 < .. <t, =t
then



n

F®)g(t) = f(s)g(s) =D _(f(t:)g(t:) — F(ti-1)g(ti-1))

= Z[(f(ti—l)(g(ti) —g(ti—1)) + g(tim1)(f(t:) = f(tim1)) + (9(ts) — g(ti—1))(f (i) — f(ti=1))]
= 2_(F{ta)(g(t:) *g(ti—l))Jng(ti,l)(f(ti) — f(tio1))
IS I dg(w) [t g(w) df (w)
+ D (olts) = alt))(F(t:) = f(ti-1))

50 reason see 5)
= [ sdgt + [ swart

5) We apply the Cauchy-Schwarz inequality:

i=1 =1

0 < |30 (g(ti)—g(tim1))(f ()= f(ti-1))| < \j > (g(ts) — g(ti-1))>? \j D (f(t) = f(ti-1))?

is the quadratic variation of continous function with FV, so it goes to 0

Therefore, | 27 (g(t:) — g(ti—1))(f(t:) — f(ti-1))| goes to 0. -



Continous Time Finance |
Solution to 3rd Minitest

by Yihui Ni

Group A Exercise 1
Find the covariance of two Ito integrals [; HdW and f(f Haw?

We assume that s < t and let’s denote X, = fOSHdW and X; = fOtHdW
then

Proof 1: By martingale property!) of Ito Integral

s t
Cov(/ HdW,/ Hdw) = Cov(X,, Xy)
0 0

= E(X, « X¢) + BE(X,) BE(Xy)
=0 =0

= E(E(X; * X¢)|Fs)

= E(E(/OstW*/OtHdW)IFs)

s t
—B([ Haw s EB([ HaW|F) )
0 0
only measurable up to s!)

:E(/OSHdW*/OSHdW)
2):E(/OSH2du)
V(/OSHdW)

2) Isometric Equality: E(([; Hy—dW,)?) = E(A,) = E([, H2ds)



Proof 2: By martingale property') of Ito Integral

s t
C’ov(/ HdVV,/ HdW) = Cov(Xs, X3)
0 0

= Cov(Xs, Xt + X5 — X5)

=Cov(Xs, Xt — Xs) + Cov(Xs, Xs)

=FE(X:x(X; — Xy)) — BE(X,)«E(X; — Xo) + V(Xs)
——

=0

= B(E(Xs * (X; — X,))|Fs) + V(Xs)
:E(E([/OSHdW*(/O HdW—/OSHdW)]|]-"s))+V(/OSHdW)
:E(/SHdW* E(/tHdW|]-'s) )+V(/SHdW)

0 s 0

=0, only measurable up to s!)

:V(/OSHdW)

Comment: Please note that
Cov( [y HAW, [y HdW) = V(s HdW) = E(f; H? du)

but

E(f; H? du) # [; H? du (-0.5 points)
V(fy HdW) # [; H*du (-0.5 points)



Group A Exercise 2

Check square integrability and find expectation and variance of fot eWet2 qw,

t t
E( / Wtz g2 2 gy / 2ot gs)
0

/ E 2Ws +4
4s
_/ 4+ 2 ds
0
t
:/ e25 s
0

1
5e4+2s |0
Loy oo
=3¢ (e 1) < o0
Therefore,
ft eW +2 dW )
f eWt2 dWy) f eWt2dW,)? = Tet(e? — 1)
2) Isometric Equality: E((fot Hy_dW,)?) = E(4;) = fo H2ds)

0'2 . .
3) E(e“?) = e¢% where Z is a normally distributed random veriable and o is
its standard deviation

Group B Exercise 1

Find the covariance of two Ito integrals f(f HdW and fg Gdw ?

Cou(X,Y) = YEN V) -V()



V(fy HdW + [} GdW) = V([ HdW) — V ([, GdW)

t t
CO’U(/ HdVV,/ GdW) =
0 0

2
E(fy(H + G)dW)* = B(J, HdW)? - B(f, GdW)?
2
2 _ E(f;(H + G)*ds) — E(f, H*ds) — E([, G ds)
2

_ B(fy H2ds) + E(fy G ds) — B(J, H? ds) — E(, G* ds)
- 2
+ 2*E(fo(;rl’*G)dS)
:E(/0 (H xG)ds)

2) Isometric Equality: E(( [} He—dW,)?) = E(A;) = E(f, H2ds)

Group B Exercise 2

Check square integrability and find expectation and variance of fot e2=Ws aW,

t t
E(/ 62—WS dWS)Q 2:) E(/ 64—2Ws dS)
0 0

t

E(e*2W+)ds

Il
S—

4s
et ds

e
hﬁ‘

4+4-2s ds

Il
o\;
(o)

4+29 |t

W

(e®* —1) < o0

l\D\»—‘l\?M—‘
D

Therefore,
E(Jy >~V dW,) =
V(Jfo Ve dW) = E(fy 7" dWL)? = jet(e* — 1)

2) Isometric Equality: E((fot Hy dW,)?) = E(4;) = fo H2ds)
3) E(e°?) = % where Z is a normally distributed random veriable and o is
its standard deviation



Group C Exercise 1

Show that Ito Integral have uncorrelated increments?

We assume that s < t and let’s denote Xo = 0, X, = [ HdW, X, = fo Hdaw
and therefore X; — X, = fs HdW
Proof 1: By Martingale Property') of Ito Integral

C’ov(/os Hdw, /tHdW) = Cov((Xs — Xo), (Xt — X5))

= CO'U(XS, (Xt - Xs))
= FE(X,*x (X; — Xy)) — BE(X) «E(X; — Xy)
——

= E(X, x0)
=0

Proof 2: By Martingale Property') of Ito Integral

CmmefHWb&MleMf&D

(

= Cov(Xs, (X — Xy))

= Cov(X,, X;) — Cov(X,, Xs)

= Cov(Xs, X¢) — Cov(Xs, Xs)

— B(X, « X,) — B(X,) E(X,) ~V(X,)

=0 =0
= BE(E(Xs * X¢)|Fs)) — V(Xs)
= E(X, * E(Xy|F,)) - E(X?)
—_——

=X,1)

Il
o



Proof 3: Let s<t<u<w
C’ov(/oS H Jaw, /tHdW) = C’ov(/ ]I[S,t)HdVV,/]l[u’v)HdW)
:E(/]l[&t)HdW*/]l[u)v)HdW)
2) = E(/ Lis 4y * Lpy,0) H? dz)
=0

2) Isometric Equality: E((fot Hy,_ dW,)?) = E(4;) = E'(f(;5 H2ds)

Group C Exercise 2

Check square integrability and find expectation and variance of fot W2 dw,

="y
=t? < o0
Therefore,
E(fy W3 dW,) =
V(fy W2AW,) = B(Jy W2 dW.)? =
2) Isometric Equality: E((fot Hy,_dW,)?) = E(4;) = fo H2ds)

4) E((cX)*) = 0c*E(X*) = 30* = 3% V(X)? where X is a normally distributed
random veriable, V(X)) is its variance and o is its standard deviation



Group A, B, C Exercise 3

State the basic assertion about the martingale property of an Ito integral and of
its square.

Theorem 3.5
Let X, = [; HydW,
If E(A) = E(fo75 H2ds) < oo (therefore A, is integrable), then

1. (X;) is a square integrable martingale with (E(X;) =0, V(X;) = E(fot H? ds))
and continous paths (1 point)

2. (X2 — A;) is a martingale (1 point)

Also good to know:
3. (X3) is well-defined for any adapted cadlag process (Hy)

4. (X;) is linear in the integrand and the integrator, and satisfies the jump
rule, the associativity rule and the stopping rule



Continous Time Finance |
Solution to 4th Minitest

by Yihui Ni

Group A Exercise 1
Expand by integration by parts (2t — 3W;)2.

Version 1:
(2t — 3W,)? = 4% — 12tW, + 9W?

dt? = tdt + tdt = 2tdt

d(tW,) = tdW, + Widt + djt, W], = tdW, + Widt
——
=0
AWE = Wy dW, + W dW, + d[W, W], = 2W,dW, + dt

d(2t — 3W;)? = 8tdt — 12tdW; — 12W,dt + 18W, . dW; + 9dt
= (8t — 12W; + 9)dt + (18W; — 12t)dW;



Version 2:
XY, = XoYo + [y XodYs + [} YodX, + [X, Y],

(2t — 3W,)? = (2t — 3W,)(2t — 3W,)
= (2%0—3Wy)(2%0 — 3W))

=0

+ /0 (25 — 3W,)d(2s — 3Wy) +/0 (25 — 3W5)d(2s — 3W5)

+[ 25 —3W,, 25 —3W.),

1) 1)

— 2(/0 (25 — 3W,)d(2s) — /O (25 — 3W,)d(3W5))
+ [—3WS7 —3W5}t

t t t t
:2(/ 4sds—/ 6Wsds—/ GSdWS-i-/ OWdWs)
0 0 0 0
+ 9 [Ws, Wis
—_——

=9t 2)

= 2(/Ot(4s — 6Wy)ds — /Ot(Gs — YW, )dWs) + 9t

1)this does not contribute to quadratic variation
2)quadratic variation of Wiener process

Version 3:

(2t — 3W,)? = 482 — 12tW, + IW?

Wy = [ tdW, + [ Wedt + d[t, W], = tdW, + W,dt
N—_——

=0
W2 = [ 2W,dW, +t

t t t
(2t — 3W;)% = 4t? — 12/ sdW, — 12/ Wds + 18/ WdW; + 9t
0 0 0

t t
=4t* + 9t — / (12t — 18W,)dW, — 12/ Wds
0 0



Group A Exercise 2

Represent f(W;) as an Ito-process when f(z) = 223 — 1

Version 1: f(W;) =2W2 —1
FOWe) = F(Wo) + [y f/(We)dW, + 3 [ f7(Wy)ds

f'(z) = 622
[ (x) =12z

JOW,) = 2w — 1

t t
1
= —1+/ 6W2dW, + 5/ 12Wds
0 0

Please note that for the solution with integral, one must not forget -1!
(-0.5 Points)
For the shorthand version, -1 has to be left out. (-0.5 Points)

shorthand version:

df (Wy) = d(2W2 — 1)
= 6W2dW, + 6W,dt

Group A Exercise 3

Find the quadratic variation of f(f WedW2.

t
JEW,dW? = [PW,d2W,dW, + ds| = 2 [} W2dW, + / W,ds
0

———
3)

[ WedW2], = [2 [W2dW], = 4 [; W [W, W], = 4 [, Wids
——
=t 2)

2) quadratic variation of Wiener process
3)continues and FV therefore quadratic variation would be 0



Group B Exercise 1
Expand by integration by parts (W; + 1)2.

Version 1:
(Wi +1)2 = W2 +2W; + 1

d(Wy + 1) = dW? + 2dW;
= QW dW; + dt + 2dW;
= (2W; + 2)dW; + dt

Version 2:

Wi 4+1)2=Wo+1)(Wo +1) + 2/t(W5 +Dd(Ws+ 1)+ [(Ws+ 1), Ws + 1))
0
:1+2/t(Ws+1)dWs+[W,W]t
0
:1+2/t(Ws+1)dWS+t
0

t t
=1+2/ WSdW5+2/ 1dW, +t
0 0

7)

t
:1+2/ WedWs +2W; + t
0

7) [y 1d(W + 1) = W,

Group B Exercise 2

Represent f(W;) as an Ito-process when f(z) = e'=*
fWy) = et~

FOW2) = F(Wo) + [y f/(Wo)dW, + 5 [5 (W, )ds

f(w) =~
f”(I) — 6171

df (Wy) = de' ="t

1
= —e! "MW, + el Mt



Version 2:

t 1t
fWy) =elt=Wo ¢ (—1)/ el =Wsdw, + 5/ e Weds
0 0

t 1t
=e— / el =Wedw, + 7/ el =Weds
0 2 Jo

Please note that for the solution with integral, one must not forget e!
(-0.5 Points)

For the shorthand version, e has to be left out.

Group B Exercise 3

Find the quadratic variation of W3.

(Example 4.8 ii): integration by part formula: dW2 = 3W2dW; + 3W,dt

(W] =[3 [ W2dWy], = 9 [ WAd[W, W], =9 [} Wids

Group C Exercise 1

Expand by integration by parts tW7.

A(tW?) = tdW¢ + W2dt + [W, 1]
=0

= td(2W,, dW, + dt) + W2dt
= (t + W2)dt + 2tW,.dW,

Version 2:

XiY; = XoYo + [y XodYs + [) YVod X, + [X, Y],

t t
twgzo*wo+/ deer/ W2ds + [s, W2];
0 0 —

¢ t
:/ def—&-/ W2ds
0 0

W2 =2 [T W,dW, +t

—05)



AW?2 = 2W,dW, + dt

t t
tW? = / sdW2 + / W2ds
0 0
t t
:/ s(QWSdW5+d5)+/ W2ds
0 0

t ¢ t
:/ SQWSdWS—l—/ sds+/ W2ds
0 0 0

t t
:/ 2sWSdWS+/ (s +W2)ds
0 0

5) Continous, FV therefore quadratic variation is zero

Group C Exercise 2

Represent f(W:) as an Ito-process when f(x) =e™ 7"
fWy) ==

FOW) = F(Wo) + [3 f/(We)dW, + L [ f7(W,)ds

fl(a) = e
fr(@) = e
df (W) = de="*
1
= —e W dW, + ie*Wtdt
Version 2:

2

t 1 [t
=1- / e Wedw, + f/ e Weds
0 2 Jo

Please note that for the solution with integral, one must not forget 1!
(-0.5 Points)
For the shorthand version, 1 has to be left out.

t t
fWV,) = e Wo 4 (—1)/ e Wedw, + 1/ e Weds
0 0



Group C Exercise 3

Find the quadratic variation of W2 — W;.

Version 1: W2 — W, = 2f0 WdW +t — W, = fo (2Wy —1)dW, +t
(W2 — W], = [J(2W, —1)%ds

Version 2:

W2 —-W], = [W? =W, W? - W],

= [” 27 W 2]t _2[” 2a W ]t+ [”a W ]t
——
=t2)

t t
:[2/0 WodW, +_t ]t—z[fz/ WLdW, +_t W]+ [W. W],

1) 0 1)
/Wth—2 /WdWS,W]tth

_4/ W2ds — 4 /st+t

1)this does not contribute to quadratic variation
2)quadratic variation of Wiener process

Please not that e.g.

[2 [ WedW, + W, # 4 [ W2ds + W2 (-1.5 Points)
[2 [ WedW, + W, # 4 [ W2ds (-1.5 Points)
Solution see before



Continous Time Finance |
Solution to Hth Minitest

by Yihui Ni

Group A Exercise 1
Let Xy = f(f W dW . Represent as an Ito-process: X}

X, = [y WedW,  Xg=0
XP =0+ [)3X2dX, + 1 [ 6Xd[X],

dXy = Wi dW,  [X], = [ W2ds  d[X], = W2dt
X3 = [} 3X2W,dW, + [} 3X,W2ds

Not necessary to replace X; = $(W7 —t)

Group A Exercise 2

Solve the stochastic differential equiation dS; = —Sydt + dW;

dS; = —Sydt + dW;
dS; + Sidt = dWy

Multiplication by e
etdS, + Sietdt = etdW;
etdSt + Std€t = €tth
d(e'Sy) = etdW,

etSy — %Sy = fot eSdW,

Sy = 671550 + fot 657tdWs



Group B Exercise 1
t X2
Let X; = fo W dW . Represent as an Ito-process: et

p(0)=e’=1

)

(2) = ¢
p(z) = 2ze””
P (z) = 2% +4x2ex?

Vegsion 1: ) ) 2
XP =14 [)2X,eXdX, + 1 [7(2eX + 4x2eX)d[X],

dXt = Wtth d[X]t = Wtht
eXP =14 [ 2X, MW dW, + [ (X7 + 2X2eX0)W2ds

Version 2:

d(eX7) = 2X,eXTdX, + (2657 + 4X2eX7)d[X],
dX, = W dW,  d[X], = Wadt
d(eX7) = 2X, X W dW, + (eX7 + 2X2eX0 )W 2dt

Please note for Version 1: ¢” = 1 part is needed.
Please note for Version 2: e® = 1 part must not be.

Group B Exercise 2

Solve the stochastic differential equiation dS; = —Sydt + SidW;
dS; = —Sidt + SpdWy = Si(—dt + dWy) = Sed(Wy — t)

St =802 (Wi — 1)

= S()€Wt —t— %[W — t]t
= S()eWt —t— %

=q eW; — %

NOT CORRECT:
dS; = —Sidt + SydW;
dSt + Sidt = SidWy

Multiplication by e



etdSt + Stetdt = etStth
d(etSt) = €tStth
#elS; = Sy + [ e5SdW,

It is not correct since there would be 2 terms depending on t (e* and S;).
Wieder andere behaupten:

€($)t X1

= eXt— 73
S = Soe(W2) = SpeWVi= 5% = GoeWe=2Jy Wids

W7 =2 [ WedW, +1t

(W2, = (2 [y WedW, +t]y = [2 [} WedW, +1,2 [3 WedW, + 1], =4 [, W2ds
Others uses the same method but claim but does not make sense at all:

[dW?2], =t

Group C Exercise 1

Let X; = fot W dW . Represent as an Ito-process: ett+oX:
,O(O,I()) =’ =1

plt, ) = enttor

pi(t,x) = petttor

pa(t,z) = gerttoe
Pzx (ta LE) = glettor

Version 1:

ehstoXs — 1 4 fot uetstor ds 4 fot cetstoT gx . + % fot olerstord[ X,
dXt = Wtth d[X]t = Wt2dt and let )/f = 6#t+az

erstoXe = 14 [LuYds + [J oY, WedW, + L [ 0?Y,Wds

Version 2:

et toXe — et tor 4t 4 gerttor X, + %Uze“tJr”d[X]t

dX, = W,dW,  d[X], = W2dt  and let Y; = erttoe

etttoXe — Y, dt + oY, Wi dW; + %UQYtWtht



Please note for Version 1: e° = 1 part is needed.
Please note for Version 2: e° = 1 part must not be.
Not necessary to replace X; = $(W72 —t)

Group C Exercise 2

Solve the stochastic differential equiation dS; = —Sdt + SydW;
(W2

dS; = Soe(W2) = SpeWVi ==

t
W2 :2f0 WdW +t
(W?2), = 4 [ W2ds
S, = Spe? JoWdW+t—2 [ W2ds

S, = Spe? JE Waw 4+t (1—2W2)ds

Group C Exercise 3

Let X; be a continous semimartingale. Prove that Sy = SpeXt—[X1e/2
Abbreviation : Yy = X; — %[X]t

Sy = Spet

Ito -Formula:
dS; = Sode¥t = Sp(e¥rdY; + 1e¥ed[Y]);)

Comment: some students claims that d[Y]; is a FV process and there-
[Xe]

5 = 0 I believe this is not correct

fore
Y. = X, - 3[X];

Y]e=[X]e  d[Y] =d[X];

dS; = Sp(e¥rdX, — LeVrd[X]; + $e¥rd[X],)

dSt = Soeytht = Stht
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